In this paper a modular, computationally efficient, and numerically stable method is presented, which allows to obtain the dynamic model of a robot constituted by flexible links having variable crosssection and subjected to generic ending forces and torques and to the gravity actions. This method is based on the use of admissible deformation functions of wavelet type, obtained by using the Instantaneity Principle of the deflection of an element, and it is based on the Euler-Bernoulli beam theory if the link is slender or, otherwise, on the Timoshenko one. Moreover, it is easy to extend the presented methodology to deal also with the case of large link deformations.
INTRODUCTION
The modeling of robots with flexible links and, more generally, the modeling of controlled or not flexible structures with degree of freedom, is a historic topic of robotic research (Mahil et al., Book et al., Krishnan et al.) and it remains very interesting for the scientific community (Bascetta et al., Macchelli et al., Moberg, Muenchhof et al., Siciliano et al.) . Nowadays, in fact, many transport and manufacturing systems employed in the modern mass production plants require higher and higher specifications in terms of operating speeds and/or amplitude of areas of work; the only way to satisfy the previous specifications is to reduce the mass and to make the structures slender, i.e. to employ robots having flexibility properties. Obviously, in order to take full advantage of the benefits offered by the above lightweight flexible robots, it is necessary to develop advanced control systems based on reliable and efficient models. In order to describe the behavior of a flexible robot it is possible to use infinite dimensional models, exact but scarcely operative, or finite dimensional models, which are approximate but more operative. With regard to this, the most known approximate methods in literature are based on assumed modes (Book et al., De Luca et al., Robinett et al.) , Ritz-Kantorovich expansions with polynomials (Tomei et al.) , and finite elements and finite differences (Mahil et al., Robinett et al.) . The modeling of flexible structures with degree of freedom presents several problems to deal with, such as:
 the derivation of a model which is precise at low frequencies, in particular at zero frequency, since the flexible structures must be almost always operated and/or solicited at low frequencies, in order to avoid their breaking and/or annoying noises;  a suitable choice of the mode shape functions and/or of admissible basis functions to describe the flexible behavior;  the integration with the models of sensors and actuators;  the numerical stability of the models with small errors, in order to easily design robust closed-loop control systems which do not exhibit the spillover phenomenon;  the computational load, since the models of flexible structures, because of their lability, are strongly nonlinear, even for small deformations, and very complex; In this paper a methodology which gives significant answers to the above problems is provided. More in details, in Section 2 the hypotheses about the typology of the robots considered in this paper are presented, and the Instantaneity Principle of the deflection of an element, which is the key of the proposed modeling technique, is stated. In Section 3, first the Lagrangian function of a generic flexible link having variable cross-section, supposed in free-free boundary conditions, is derived in a compact and closed form; then a very simple iterative algorithm used to calculate the Lagrangian function of a robot, constituted by several interconnected flexible links, is given, and finally the dynamic analytical model of the whole robot is obtained. In Section 4 the properties of the proposed modeling methodology are presented and some very significant examples are reported, Finally, in Section 5 conclusions and future developments are reported.
HYPOTHESES, NOTATIONS AND PRELIMINARIES
In this paper it is considered, for brevity, the case of a planar robot with fixed base, constituted by  flexible links having variable cross-section. For simplicity, each link has a straight line as unstressed configuration, both rigid ends of negligible dimensions with respect to its length, and rotation axes orthogonal to the vertical plane. In Fig. 1 a detailed representation of the i-th link in the stressed and unstressed configuration is shown. For the sake of clarity, the following preliminary notations are introduced for the generic i-th link: i L is the length of the link; i A is the cross-section area of the link; i E is the Young's modulus of the link's material; i G is the shear modulus of the link's material; i  is the shear factor of the link; i I is the area moment of inertia for the cross-section of the link; i  is the mass density of the flexible part of the link; are respectively the deflection and rotation of the generic cross-section of the link at abscissa z and time t , due to the distributed flexibility. Moreover, suppose that the following result holds.
Instantaneity Principle of the deflection of an element. If the inertia of an element i L  of "sufficiently small" length of the i-th link is neglected, the vertical deflection of this element, due to "slowly variable" control actions and/or disturbances acting on the links and on the end-effector and due to the consequent inertial actions, remains practically unchanged.
Remark 1. It is worth noting that, extending the rules, wellknown by the experts of building science, to plot the cutting diagram and the diagram of the bending moment of a beam (sectioning principle of a structure) (see e.g. Megson) , the deflection of the element is due to (Fig. 2):  the torque C  and the force T  acting on the left end of the element, corresponding to the resultant of all external torques and forces with changed sign, including gravity actions, constraints actions and inertial forces acting on the left-hand side of the robot;  the torque C  and the force T  acting on the right end of the element, corresponding to the resultant of all external torques and forces, including gravity actions, constraints actions due to interaction with the environment and inertial forces acting on the right-hand side of the robot with its possible payload;  the generalized forces acting on the element itself including gravitational actions, disturbances and inertial actions. Therefore, for the calculus of the deflection of the element, it is possible to neglect the inertial actions acting on the element itself. This approximation is as true as the element is small, as the flexible parts of the links are lightweight with respect to the whole robot, also with actuators, and as the motion is slow. The above remarks justify the Instantaneity Principle.
The Instantaneity Principle and the Euler-Lagrange theory, or the Timoshenko one, represent the key on which the presented modeling methodology is based. 
FLEXIBLE ROBOT MODEL

Model of a flexible link
In this subsection the Lagrangian function of a flexible link, supposed in free-free boundary conditions, is derived, in a compact and closed form, by using the Euler-Bernoulli beam theory, if the link is slender, or the Timoshenko one otherwise, and the Instantaneity Principle of the deflection of an element. According to the preliminary notations (see also Fig. 1 ), the configuration of the generic cross-section of the ith link can be expressed as:
with the static ones. Finally, if the link is subjected to large deformations (Boyer et al.) , it is still possible to apply the proposed methodology, by fictitiously subdividing the link into sublinks as shown in Fig. 3 . 
In Fig. 4 the constraint and the static loading physical schemes of a partition element, considered in the following, are reported. The deflections w δk and w γk corresponding to the considered schemes, derived for the interval
of the partition, represent the wavelet spatial functions used by the proposed methodology in order to approximate the vertical displacement and the rotation due to the deformation. In the light of the above considerations it is important to explicitly note that the calculation of the wavelet functions is very easy also in the case of flexible links having variable cross-section. Indeed it is easy to see that the static equation of Euler-Bernoulli (or the Timoshenko ones) is linear with variable coefficients; hence it can be easily solved with a Matlab program with four independent initial conditions. By linearly combining the obtained four solutions, it is easy to determine the linear combination coefficients such that the boundary conditions of the wavelet functions are satisfied.
An example of these wavelet functions, under the hypothesis that
, is reported in Fig. 5 . Once the wavelet functions have been calculated, the deflection of the i-th link is approximated as
Remark 2. It is worth noting that the Lagrangian deformation variables i k  , i k  corresponding to these wavelet functions respectively represent the vertical displacements and the rotations of the cross-sections of the i-th link in correspondence to the endpoints of the partition intervals k Z . After these preliminary considerations, by neglecting the rotational inertia, the kinetic energy of the i-th link can be derived as follows
After some tedious manipulations and by omitting, for the simplicity of notations, the subscript i, it is
where, by omitting the dependency on z:
is derived by using the
 the vector 2n h R  is derived by using the relationship
 the vector 2n k R  is derived by using the relationship
represents the vector of the Lagrangian deformation coordinates
Once the kinetic energy has been derived, it is necessary to calculate the elastic potential energy ei U and the gravitational potential one gi U of the i-th link. The elastic potential energy due to the deformation of the i-th link, by neglecting the contribute due to shear and by omitting the subscript i for simplicity, turns out to be
where the symmetric matrix
is derived by using the relationship
in which it is supposed that
Remark 3. It is worth noting that if the rotational inertia is taken into account, it is necessary to add the term 
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where g is the gravitational acceleration. By substituting the second of (1) into (15), it turns out to be
in which the subscript i has been omitted.
Remark 4.
It is interesting to note that the matrices B fi and K i and the vectors h i and k i can be easily calculated una tantum in a numerical way (or also analytically in the case of homogeneous links having constant cross-section). Moreover, it is important to note that the matrices fi B and i K are very sparse (Fig. 6 ) and also well-conditioned; this fact is in accordance with (9), (14) and with the wavelet nature of the basis functions (   Fig. 5) . Instead, when other basis functions, such as the polynomial ones, are used, the above matrices are full and illconditioned (see the following examples). 
Interconnection algorithm
In this subsection an algorithm for the calculation of the Lagrangian function of a robot constituted by interconnected flexible links is presented, starting from the results, valid for a single link, stated above. The kinetic energy of the i-th link (8) can be rewritten in a compact matricial form as follows 1 2
where:
12 22 
Therefore, equation (18), for 2 i  , can be rewritten as function of the only Lagrangian variables as follows
, , 
where 1   and the inertia matrix B is obtained "by adding" the matrices B i according to the recursive scheme reported in Fig. 7 .
Remark 7. It is useful to note that the matrices i A are very sparse, well-conditioned and they always depend only on the deformation variable i i n  , whatever the number of Lagrangian deformation variables (i.e. of wavelet functions) is, and they do not depend on all the Lagrangian deformation variables, as it happens when other basis functions are used. Concerning the elastic potential energy of the whole robot, it is easy to verify that it turns out to be
where the matrix K is the following block diagonal matrix 1 2 (0, ,0, , ,0, )
Finally, the gravitational potential energy of the whole robot is obtained as the sum of
where gi U is the gravitational potential energy of the i-th link.
Dynamic model of the robot
In this subsection the dynamic model of the whole robot is derived in the more suitable form presented in (Celentano et al.) by using the Euler-Lagrange method. It is easy to show that this model, under the assumptions that control actions u c and disturbances u d are the ones reported in Fig. 8 , turns out to be
being O zero vectors of suitable dimension. 
PROPERTIES OF THE METHODOLOGY AND ILLUSTRATIVE EXAMPLES
In this section the properties of the proposed modeling methodology are presented and some very significant examples are illustrated.
Static and dynamic precision.
The following result holds.
Theorem 1. For any static equilibrium configuration, the position and the orientation of the planar robot constituted by flexible links having constant cross-section calculated with the proposed method (28), at the endpoints of the partition intervals k Z , both in the presence of gravity actions due to links and payload, and in the presence of concentrated torques and forces control actions and disturbances, strictly coincide with those obtained by using the Euler-Bernoulli beam theory.
Proof. By virtue of the sectioning principle of a structure, without loss of generality, the proof of the theorem is given in the case of a robot constituted by one flexible link in the horizontal configuration and referring to the endpoint n Z  ; moreover, it is supposed that the link partition is uniform like the one defined in (5). With regard to the case of concentrated forces and torques applied to the tip, the proof easily follows from the way in which w δk and w γk are obtained. With regard to the gravity actions acting on the link, due to the distributed mass, it is worth noting that the corresponding system of generalized forces is the one reported in Fig. 9 . From Fig. 9 and from the Euler-Bernoulli beam theory it is
but it turns out to be that In order to complete the proof, it is worth noting that the vertical tip displacement of a clamped horizontal link subjected to a vertical concentrated force not applied to the tip, as shown in Fig. 10 , turns out to be 
Therefore from (36), by using (34) and (37) Table I and in Table  II   ) and with the hinged-free configuration ones ( ,
It is important to note that Theorem 1 is verified, whereas the results obtained with the assumed mode method are affected by errors. Table I Tip rotation for concentrated torque and force applied to the tip and for the gravitational payload. Table II Vertical tip displacement for concentrated torque and force applied to the tip and for the gravitational payload.
In Fig. 11 the frequency responses ending torque -tip rotation of the robot in the considered configuration are reported. It is worth noting that the frequency response, obtained by using the proposed method with 2 wavelet functions per link, in the considered frequency range practically coincide with the true one, which is still calculated by using the proposed method, but with 20 wavelet functions per link. This example shows that the proposed methodology guarantees good dynamic precision at low frequencies with a contained number of wavelet functions. Moreover, from several other simulations (not reported for brevity) it emerges that the dynamic precision increases in a wider frequency range when the number of wavelet functions per link increases, according to the Instantaneity Principle of the deflection of an element. Obviously, the above considerations result valid in the frequency range and for the deformation amplitudes for which the infinite dimensional model of Euler-Bernoulli or of Timoshenko are valid. 
Numerical stability
The proposed method turns out to be numerically very stable with respect to other ones known in literature, in particular the one based on the Ritz-Kantorovich expansion with polynomials, as it clearly emerges from the following example.
Example 2. With reference to the robot considered in the Example 1, in Table III the condition numbers of the inertia matrices calculated with the proposed method and with the Ritz-Kantorovich expansion are reported, for several degrees of the polynomials n P and numbers of the wavelet functions n W , such to always consider the same number of deformation freedom degrees n F per link. It is explicitly highlighted that, because of the ill-conditioning of the inertia matrix, for Note that when it is used the assumed mode method, since both the terminal deflection and the tip displacement of each link turn out to be linear combination of all the deformation Lagrangian variables, also in this case the inertia matrix B of the whole robot is in general ill-conditioned!
Computational efficiency
By virtue of the sparseness of the matrices B and A i (Remark 4 and 7) the proposed method turns out to be computationally very efficient, as it emerges from the following example.
Example 3. Let be considered a robot constituted by three flexible links having square hollow constant cross-section with parameters
In Table IV and Table V It is worth noting that when the number of Lagrangian deformation variables has doubled also the number of multiplications required by the proposed method has about doubled, instead, the one required by the other methods has about quadrupled. In Table VI It is interesting to note that, when the polynomials of the Ritz-Kantorovich expansion are used, the time cost required by the dynamic simulation, which has been estimated on the basis of a shorter simulation, becomes practically prohibitive when the number of the Lagrangian deformation variables increases. The same result is obtained also if the relative tolerance is 4 10  . Moreover, when 8 Lagrangian deformation variables per link are used, the simulation is practically possible only with the proposed method.
CONCLUSIONS
In this paper a method to obtain a closed-form dynamic model of a planar flexible robot with any number of flexible links, which may have anyway varying cross-section, has been proposed. The model obtained with this method is very simple to implement, is numerically very stable and it guarantees no static error at the tip both in the presence of the gravity actions due to the links and to the payload, and in the presence of concentrated disturbances and control actions in forces and torques. For limited bandwidth actions, the proposed method presents an error strongly decreasing when the number of wavelet functions per link increases. Finally several comparisons have been presented, by implementing the proposed method and others very significant known in literature. Authors are successfully working in order to introduce the internal friction into the model and in order to design efficient control systems of flexible robots.
